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red-black tree % ¥ v NFIZ)t A

Inductive color := Red | Black.

Inductive btree (D A : Type) : Type :=

| Bnode of color & btree D A & D & btree D A
| Bleaf of A.

Definition dtree := btree (nat * nat) (seq bool).

dflatten CARDEKRZ EHET 5
Fixpoint dflatten (B : dtree) :=
match B with

| Bnode _ 1 _ r => dflatten 1 ++ dflatten r
| Bleaf s =>'s
end.

WET — X D55 R E R
Fixpoint wf_dtree (B : dtree) :=

match B with
| Bnode _ 1 (num, ones) r =>

[&& num == size (dflatten 1), ones == count_mem true (dflatten 1),

wf_dtree 1 & wf_dtree r]
| Bleaf arr => (w °
end.

2)./2 <= size arr < (w °

2).%2
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Fixpoint drank (B : dtree) (i : nat) :=
match B with
| Bnode _ 1 (num, ones) r =>
if 1 < num then drank 1 i
else ones + drank r (i - num)

| Bleaf s =>
rank true i s
end.

Lemma dtree_ind (P : dtree -> Prop) :
(forall ¢ 1 r num ones,
num = size (dflatten 1) ->
ones = count_mem true (dflatten 1) ->
wf_dtree 1 /\ wf_dtree r —>
P1l->Pr ->P (Bnode ¢ 1 (num, ones) r)) ->
(forall s, (w " 2)./2 <= size s < (w " 2).*2 -> P (Bleaf _ s)) —>
forall B, wf_dtree B -> P B.

Lemma drankE (B : dtree) i :
wf_dtree B -> drank B i = rank true i (dflatten B).

EH 5 HAAIBATTINE 5
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Fixpoint dselect_1 (B : dtree) (i : nat) :=
match B with
| Bnode _ 1 (num, ones) r =>
if i <= ones then dselect_1 1 i
else num + dselect_1 r (i - ones)
| Bleaf s => select true i s
end.

Fixpoint dselect_@ (B : dtree) (i : nat) :=

match B with
| Bnode _ 1 (num, ones) r =>

let zeroes := num - ones in

if i <= zeroes then dselect_ @ 1 i

else num + dselect_@ r (i - zeroes)

| Bleaf s => select false i s
end.

Lemma dselect_1E B i :
wf_dtree B -> dselect_1 B i = select true i (dflatten B).

Lemma dselect_QE B i :
wf_dtree B -> dselect_@ B i = select false i (dflatten B).
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Fixpoint dins (B : dtree) b i w : dtree :
match B with
| Bleaf s =>
let s' := insertl s b i in
if size s+ 1 ==2% (w " 2)
then let n := (size s') %/ 2 in
let sl := take n s' in
let sr :=drop n s' in

else
Bnode

if i < num then balanceL ¢ (dins 1 b i w)
else balanceR ¢ 1 (dins r b (i

end.

Definitio
match d
| Bleaf

| Bnode _

end.

Bnode Red (Bleaf _ sl)

(size sl, rank true (size sl) sl)

(Bleaf _ sr)
Bleaf _ s'
c 1 (num, ones) r =>

n dinsert (B : dtree) b i w :
ins B b i wwith
s => Bleaf _ s
1 dr =>Bnode Black 1 d r

dtree :

EIUN

num) w)
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Ltac decompose_rewrite :=
let H := fresh "H" in
case/andP || (move=>H; rewrite ?H ?(egP H)).

Lemma balanceL_wf c¢ (1 r : dtree) :
wf_dtree 1 -> wf_dtree r -> wf_dtree (balanceL c 1 r).
Proof.
case: ¢ => /= wfl wfr. by rewrite wfl wfr ?(dsizeE,donesE,eqxx).
case: 1 wfl =>
CCCCT 111 [11n 1lo] 11r|11A] [1n lo] [[1 1rl [1lrn 1lrol lrr|lrA]
|11 [1n lo] 1rl|1A] /=;
rewrite wfr; repeat decompose_rewrite;
by rewrite ?(dsizeE,donesE,size_cat,count_cat,eqxx).
Qed.

9/17



Proving
properties of

the tree
representation
of dynamic bit

sequences

RERIZ K D E#H

F— R TR R IET 5

o HiJLw hFIE LT
® red-black tree & L T

Definition is_black c if ¢ is Black then true else false.
Definition color_ok parent child :=
is_black parent || is_black child.

nat -> nat -> nat -> color -> Type :=

Inductive tree :
. seq bool),

| Leaf : forall (arr :
(w " 2)./ 2 <= size arr < (w

tree (size arr) (count_one arr) @ Black
| Node : forall {s1 ol s2 02 d cl cr c},
color_ok ¢ cl -> color_ok ¢ cr ->
tree s1 ol d cl -> tree s2 02 d cr ->
tree (s1 + s2) (ol + 02) (d + is_black c) c.

t2).%2 >
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o HARBMEIZEHRLIMHEIZLALEDST
e dtree_indiZEH AW
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Program Fixpoint dinsert' {nmd c} (B : tree nmd c) (b : bool) i
{measure (size_of_tree B)} : { B' : near_tree n.+1 (m + b) d ¢
| dflattenn B' = insert1 (dflatten B) b i } := ...
20 {fl® Obligation A3 X v, & TOMEDFEMHIE 90 17
® balancel & balanceRDJE %
o [T ERWNIIZ LD Program BREEDH X 22 b o 72
® 1717 Ctactic IZ XD EHEFER 72
Definition balanceL {nl ml d ¢l cr nr mr} (p : color)
(1 : near_tree nl ml d cl) (r : tree nr mr d cr) :
color_ok p (fix_color 1) -> color_ok p cr ->
{tr : near_tree (nl + nr) (ml + mr) (inc_black d p) p
| dflattenn tr = dflattenn 1 ++ dflatten r7}.
destruct r as [s1 o1 s2 02 s303d' xyz | sod c'"ccr'].
+ case: p => //= cpl cpr.
(x THIT N AT TERLAHDTER *)
Defined.
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sequences Inductive near_tree' : nat -> nat -> nat -> color -> Type :=
| Stay : forall {s o d c} p,
Princlple color_ok ¢ (inv p) ->
tree s o d ¢ -> near_tree' s o dp
- | Down : forall {s o d},
Fondusion tree s o d Black -> near_tree' s o d.+1 Black.

Definition balancelL2 {s1 s2 ol 02 d cl cr} (p : color)
(dl : near_tree' s1 o1 d cl) (r : tree s2 02 d cr)
color_ok p ¢l -> color_ok p cr ->
{B' : near_tree' (s1 + s2) (ol + 02) (inc_black d p) p |
dflattenn' B' = dflattenn' dl ++ dflatten r}.
(x 47 {TDFEMH *)
Defined.
Definition ddelete (d: nat) (c: color)
(num ones : nat) (i : nat)
(B : tree num ones (inc_black d c¢) ¢) :
{ B' : near_tree' (num - (i < num))
(ones - (daccess B i)) (inc_black d c) c |
dflattenn' B' = delete (dflatten B) i }.
(* 105 fTDFEH *)
Defined. 13/17
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Inductive deleted_dtree: Type :

| Stay : dtree -> deleted_dtree
| Down : dtree -> deleted_dtree.

Definition balanceL' col (1 :

match 1 with

| Stay 1 => Stay (rbnode col 1 r)

| Down 1 =>

match col,r with

| _, Bnode Black (Bnode Red rll _ rlr) _
Stay (rbnode col (bnode 1 rll) (bnode rlr rr))
Red, Bnode Black (Bleaf _ as rl) _ rr

Red, Bnode Black (Bnode Black _ _

Stay (bnode
Black,Bnode
Black,Bnode
Stay (bnode
Black,Bnode
Stay (bnode
Black,Bnode
Black,Bnode
Down (bnode
=> Stay

end
end.

(rnode 1 rl) rr)

Red (Bnode Black (Bnode Black _ _ _
Red (Bnode Black (Bleaf _ as rll)

deleted_dtree) (r :

(bnode (rnode 1 rll) rlr) rr)

Red (Bnode Black (Bnode Red rlll _ rllr) _ rlr) _

rr =>

88 A oD HIT Bk

_asrl) _rr =

_rlr) _rr =>

(bnode 1 r1l1l) (rnode (bnode rllr rlr) rr))
Black (Bleaf _ as rl) _ rr

Black (Bnode Black _ _ _

(rnode 1 rl) rr)
(rbnode col 1 r)

as rl)

_rr=>

dtree) : deleted_dtree :

as rll) _rlr) _rr

rr =>
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orymamie Bt Einction ddel (B : dtree) (i : nat) { measure height_of_dtree B }

sequences
deleted_dtree :=
match B with
:Kttwd | Bnode ¢ (Bleaf 1) (s,0) (Bleaf r) => delete_leaves ¢ 1 r i
Richly typed | Bnode Black (Bnode Black 11 (1s,lo) 1r) (s,_) (Bnode Red rl (rs,ro) rr) =>
ey let 1 := Bnode Black 11 (1s,lo) 1lr in
fonen let r := Bnode Red rl (rs,ro) rr in

if i <s

then balanceL' Black (ddel (rnode 1 rl) i) rr

else balanceR' Black 1 (ddel r (i - s))

Bnode Black (Bnode Red 11 (1s,lo) 1r) (s,_) (Bnode Black rl (rs,ro) rr) =>
let 1 := Bnode Red 11 (1s,lo) 1lr in

let r := Bnode Black rl (rs,ro) rr in

if i <s

then balancelL' Black (ddel 1 i) r

else balanceR' Black 11 (ddel (rnode 1lr r) (i - 1s))
Bnode ¢ 1 (s, ) r =>

if i <s

then balanceL' ¢ (ddel 1 i) r

else balanceR' ¢ 1 (ddel r (i - s))

| Bleaf x => Stay (leaf (delete x i))

end.

(* 4 TR %)

Defined.
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